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PROJECTIVE VS METRIC STRUCTURES
PAWEŁ NUROWSKI
Abstract. We present a number of conditions which are necessary for an n-
dimensional projective structure (M, [∇]) to include the Levi-Civita connection
∇ of some metric onM . We provide an algorithm, which effectively checks if a
Levi-Civita connection is in the projective class and, in the positive, which finds
this connection and the metric. The article also provides a basic information
on invariants of projective structures, including the treatment via Cartan’s
normal projective connection. In particular we show that there is a number
of Fefferman-like conformal structures, defined on a subbundle of the Cartan
bundle of the projective structure, which encode the projectively invariant
information about (M, [∇]).
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1. Projective structures and their invariants
1.1. Definition of a projective structure. A projective structure on an n-
dimensional manifold M is an equivalence class of torsionless connections [∇] with
an equivalence relation identifying every two connections ∇ˆ and ∇ for which
(1) ∇ˆXY = ∇XY +A(X)Y +A(Y )X, ∀X,Y ∈ TM,
with some 1-form A on M .
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2 PAWEŁ NUROWSKI
Two connections from a projective class have the same unparametrized geodesics
in M , and the converse is also true: two torsionless connections have the same
unparametrized geodesics in M if they belong to the same projective class.
The main pourpose of this article is to answer the following question:
‘When a given projective class of connections [∇] on M includes a Levi-Civita
connection of some metric g on M?’
This problem has a long history, see e.g. [7, 8, 12]. It was recently solved in
dimM = 2 in a beatiful paper [1], which also, in its last section, indicates how to
treat the problem in dimM ≥ 3. In the present paper we follow [1] and treat the
problem in full generality1 in dimM ≥ 3. On doing this we need the invariants of
projective structures.
The system of local invariants for projective structures was constructed by Car-
tan [3] (see also [13]). We briefely present it here for the completness (see e.g.
[4, 6, 9] for more details).
For our pourposes it is convenient to describe a connection ∇ in terms of the
connection coefficients Γijk associated with any frame (Xa) on M . This is possible
via the formula:
∇aXb = ΓcbaXc, ∇a := ∇Xa .
Given a frame (Xa) these relations provide a one-to-one correspondence between
connections ∇ and the connection coefficients Γabc. In particular, a connection is
torsionless iff
Γcab − Γcba = −θc([Xa, Xb]),
where (θa) is a coframe dual to (Xa),
θb(Xa) = δ
b
a.
Moreover, two connections ∇ˆ and ∇ are in the same projective class iff there exists
a coframe in which
Γˆcab = Γ
c
ab + δ
c
aAb + δ
c
bAa,
for some 1-form A = Aaθa.
In the following, rather than using the connection coefficients, we will use a
collective object
Γab = Γ
a
bcθ
c,
which we call connection 1-forms. In terms of them the projective equivalence
reads:
(2) Γˆab = Γ
a
b + δ
a
bA+Abθ
a.
1.2. Projective Weyl, Schouten and Cotton tensors. Now, given a projective
structure [∇] onM , we take a connection 1-forms (Γij) of a particular representative
∇. Because of no torsion we have:
(3) dθa + Γab ∧ θb = 0.
The curvature of this connection
(4) Ωab = dΓ
a
b + Γ
a
c ∧ Γcb,
which defines the curvature tensor Rabcd via:
Ωab =
1
2R
a
bcdθ
c ∧ θd,
1I have been recently informed by M Dunajski that the problem is also being considered by
him and S Casey [2].
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is now decomposed onto the irreducible components with respect to the action of
GL(n,R) group:
(5) Ωab = W
a
b + θ
a ∧ ωb + δabθc ∧ ωc.
Here W ab is endomorphims-valued 2-form:
W ab =
1
2W
a
bcdθ
c ∧ θd,
which is totally traceless:
W aa = 0, W
a
bac = 0,
and has all the symmetries of Rabcd. Quantity ωa is a covector-valued 1-form. It
defines a tensor Pab via
(6) ωb = θaPab.
The tensors W abcd and Pab are called the Weyl tensor, and the Schouten tensor,
respectively. They are realted to the curvature tensor Rabcd via:
Rabcd = W
a
bcd + δ
a
cPdb − δadPcb − 2δabP[cd].
In particular, we have also the relation between the Schouten tensor Pab and the
Ricci tensor
Rab = R
c
acb,
which reads:
(7) Pab = 1n−1R(ab) − 1n+1R[ab].
One also introduces the Cotton tensor Ybca, which is defined via the covector valued
2-form
(8) Ya = 12Ybcaθ
b ∧ θc,
by
(9) Ya = dωa + ωb ∧ Γba.
Note that Ybca is antisymmetric in {bc}.
Now, combining the equations (3), (4), (5), (8) and (9), we get the Cartan
structure equations:
(10)
dθa + Γab ∧ θb = 0
dΓab + Γ
a
c ∧ Γcb = W ab + θa ∧ ωb + δabθc ∧ ωc
dωa + ωb ∧ Γba = Ya.
It is convenient to introduce the covariant exterior differential D, which on
tensor-valued k-forms acts as:
DKa1...arb1...bs = dK
a1...ar
b1...bs
+ Γaia ∧Ka1...a...arb1...bs − Γbbi ∧Ka1...arb1...b...bs .
This, in particular satisfies the Ricci identity:
(11) D2Ka1...arb1...bs = Ω
ai
a ∧Ka1...a...arb1...bs − Ωbbi ∧Ka1...arb1...b...bs .
This identity will be crucial in the rest of the paper.
Using D we can write the first and the third Cartan structure equation in re-
spective compact forms:
(12)
Dθa = 0,
Dωa = Ya.
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Noting that on tensor-valued 0-forms we have:
DKa1...arb1...bs = θ
c∇cKa1...arb1...bs ,
and comparing with the definition (6) one sees that the second equation (12) is
equivalent to:
(13) Ybca = 2∇[bPc]a.
1.3. Bianchi identities. We now apply D on the both sides of the Cartan struc-
ture equations (10) and use the Ricci formula (11) to obtain the Bianchi identities.
Applying D on the first of (10) we get
0 = D2θa = Ωab ∧ θb,
i.e. tensorially:
Ra[bcd] = 0.
This, because the Weyl tensor has the same symmetries as Rabcd, means also that
(14) W a[bcd] = 0.
Next, applying D on the second of (10) we get:
DW ab = θ
a ∧ Yb + δabθc ∧ Yc.
This, when written in terms of the tensors W abcd and Yabc, reads:
(15)
∇aW debc +∇cW deab +∇bW deca =
δdaYbce + δ
d
cYabe + δ
d
bYcae + δ
d
e(Yabc + Ycab + Ybca).
This, when contracted in {ad}, and compared with (14), implies in particular that:
(16) ∇dW dabc = (n− 2)Ybca
and
(17) Y[abc] = 0.
Thus when n > 2 the Cotton tensor is determined by the divergence of the Weyl
tensor.
It is also worthwhile to note, that because of (17) the identity (15) simplifies to:
(18) ∇aW debc +∇cW deab +∇bW deca = δdaYbce + δdcYabe + δdbYcae.
Another immediate but useful consequence of the identity (17) is
(19) ∇[aPbc] = 0.
This fact suggests an introduction of a 2-form
β = 12P[ab]θ
a ∧ θb.
Since β is a scalar 2-form we have:
dβ = Dβ = D( 12P[ab]θ
a ∧ θb) =
1
2 (DP[ab])θ
a ∧ θb =
1
2 (∇cP[ab])θc ∧ θa ∧ θb =
1
2 (∇[cPab])θc ∧ θa ∧ θb = 0.
Thus, due to the Bianchi identity (19) and the first structure equation (12), the
2-form β is closed.
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Finally, applying D on the last Cartan equation (10) we get
DYa + ωb ∧W ba = 0.
This relates 1st derivatives of the Cotton tensor to a bilinear combination of the
Weyl and the Schouten tensors:
(20)
∇aYbcd +∇cYabd +∇bYcad =
PaeW edcb + PbeW
e
dac + PceW
e
dba.
1.4. Gauge transformations. It is a matter of checking that if we take another
connection ∇ˆ from the projective class [∇], i.e. if we start with connection 1-forms
Γˆij related to Γij via
Γˆab = Γ
a
b + δ
a
bA+Abθ
a,
then the basic objects ωa, W ab and Ya transform as:
(21)
ωˆa = ωa −DAa +AAa
βˆ = β − dA
Wˆ ab = W
a
b
Yˆa = Ya +AbW
b
a.
This, in the language of 0-forms means:
(22)
Γˆabc = Γ
a
bc + δ
a
cAb + δ
a
bAc
Pˆab = Pab −∇aAb +AaAb
Pˆ[ab] = P[ab] −∇[aAb]
Wˆ abcd = W
a
bcd
Yˆabc = Yabc +AdW
d
cab.
This in particular means that the Weyl tensor is a projectively invariant object. We
also note that the 2-form β transforms modulo addition of a total differential.
Corollary 1.1. Locally in every projective class [∇] there exists a torsionless con-
nection ∇0 for which the Schouten tensor is symmetric, Pab = P(ab).
Proof. We know that due to the Bainchi identities (19) the 2-form β encoding the
antisymmetric part of Pab is closed, dβ = 0. Thus, using the Poincare lemma, we
know that there exists a 1-form Υ such that locally β = dΥ. It is therefore sufficient
to take A = Υ and Γˆab = Γ
a
b + δ
a
bΥ + θ
aΥb, to get βˆ = 0, by the second relation
in (21). This proves that in the connection Γˆab projectively equivalent to Γ
a
b, we
have Pˆ[ab] = 0. 
Remark 1.2. Note that if Γab is a connection for which Pab is symmetric then it is
also symmetric in any projectively equivalent connection for which A = dφ, where
φ is a function.
Definition 1.3. A subclass of projectively equivalent connections for which the
Schouten tensor is symmetric is called special projective class.
Mutatis mutandis we have:
Corollary 1.4. Locally every projective class contains a special projective subclass.
This subclass is given modulo transformations (2) with A being a gradient, A = dφ.
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Corollary 1.5. The curvature Ωab of any connection from a special projective
subclass of projective connections [∇] is tarceless, Ωaa = 0.
Proof. For the connections from a special projective subclass we have Pab = Pba.
Hence θa ∧ ωa = θa ∧ Pbaθb∧ = 0, and Ωab = W ab + θa ∧ ωb. Thus
Ωaa = W
a
a + θ
a ∧ ωa = 0,
because the Weyl form W ab is traceless. 
Remark 1.6. We also remark that in dimension n = 2 the Weyl tensor of a projective
structure is identically zero. In this dimension the Cotton tensor provides the lowest
order projective invariant (see the last equation in (22)). In dimension n = 3 the
Weyl tensor is generically non-zero, and may have as much as fifteen indpenednet
components. It is also generiaclly nonzero in dimensions higher than three.
Given an open set U with coordinates (xa) surely the simplest projective struc-
ture [∇] is the one represented by the connection ∇a = ∂∂xa . This is called the flat
projective structure on U . The following theorem is well known [3, 13]:
Theorem 1.7. In dimension n ≥ 3 a projective structure [∇] is locally projectively
equivalent to the flat projective structure if and only if its projective Weyl tensor
vanishes identically, W abcd ≡ 0. In dimension n = 2 a projective structure [∇]
is locally projectively equivalent to the flat projective structure if and only if its
projective Schouten tensor vanishes identically, Yabc ≡ 0.
1.5. Cartan connection. Objects (θa,Γbc, ωd) can be collected to the Cartan con-
nection on an H principal fiber bundle H → P → M over (M, [∇]). Here H is a
subgroup of the SL(n+ 1,R) group defined by:
H = {b ∈ SL(n+1,R) | b =
(
Aab 0
Ab a
−1
)
, Aab ∈ GL(n,R), Aa ∈ (Rn)∗, a = det(Aab) }.
Using (θa,Γbc, ωd) we define an sl(n+ 1,R)-valued 1-form
A = b−1
(
Γab − 1n+1Γccδab θa
ωb − 1n+1Γcc
)
b+ b−1db.
This can be also written as
A =
(
Γˆab − 1n+1 Γˆccδab θˆa
ωˆb − 1n+1 Γˆcc
)
,
from which, knowing b, one can deduce the transformation rules
(θa,Γbc, ωd)→ (θˆa, Γˆbc, ωˆd),
see e.g. [9]. Note that when the coframe θa is fixed, i.e. when Aab = δ
a
b, these
transformations coincide with (2), (21); the above setup extends these transforma-
tions to the situation when we allow the frame to change under the action of the
GL(n,R) group.
The form A defines an sl(n + 1,R) Cartan connection on H → P → M . Its
curvature
R = dA+A ∧A,
satsifies
R = b−1
(
W ab 0
Yb 0
)
b =
(
Wˆ ab 0
Yˆb 0
)
,
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and consists of the 2-forms W ab, Yb as defined in (10). In particular we have Wˆ
a
b =
1
2Wˆ
a
bcdθˆ
c ∧ θˆd, and Yˆa = 12 Yˆabcθˆb ∧ θˆc, where Wˆ abcd and Yˆabc are the transformed
Weyl and Cotton tensors.
Note that the (n + n2 + n) 1-forms (θˆa, Γˆbc, ωˆd) constitute a coframe on the
(n2 + 2n)-dimensional bundle H → P → M ; in particular these forms are linearly
independent at each point of P . They satisfy the transformed Cartan structure
equations
(23)
dθˆa + Γˆab ∧ θˆb = 0
dΓˆab + Γˆ
a
c ∧ Γˆcb = Wˆ ab + θˆa ∧ ωˆb + δabθˆc ∧ ωˆc
dωˆa + ωˆb ∧ Γˆba = Yˆa.
1.6. Fefferman metrics. In Ref. [10], with any point equivalence class of second
order ODEs y′′ = Q(x, y, y′), we associated a certain 4-dimensional manifold P/ ∼
equipped with a conformal class of metrics of split signature [gF ], whose conformal
invariants encoded all the point invariants of the ODEs from the point equivalent
class. By analogy with the theory of 3-dimensional CR structures we called the
class [gF ] the Fefferman class. The manifold P from P/ ∼ was a principal fiber
bundle H → P → N over a three-dimensional manifold N , which was identified
with the first jet space J 1 of an ODE from the equivalence class. The bundle P was
8-dimensional, and H was a five-dimensional parabolic subgroup of SL(3,R). For
each point equivalnce class of ODEs y′′ = Q(x, y, y′), the Cartan normal conformal
connection of the corresponding Fefferman metrics [gF ], was reduced to a certain
sl(3,R) Cartan connection A on P . The two main components of the curvature
of this connection were the two classical basic point invariants of the class y′′ =
Q(x, y, y′), namely:
w1 = D
2Qy′y′ − 4DQyy′ −DQy′y′Qy′ + 4Qy′Qyy′ − 3Qy′y′Qy + 6Qyy,
and
w2 = Qy′y′y′y′ .
If both of these invariants were nonvanishing the Cartan bundle that encoded the
structure of a point equivalence class of ODEs y′′ = Q(x, y, y′) was justH → P → N
with the Cartan connection A. The nonvanishing of w1w2, was reflected in the fact
that the corresponding Fefferman metrics were always of the Petrov type N ×N ′,
and never selfdual nor antiselfdual.
In case of w1w2 ≡ 0, the situation was more special [9]: the Cartan bun-
dle H → P → N was also defining a Cartan bundle H → P → M , over a
two-dimensional manifold M , with the six -dimensional parabolic subgroup H of
SL(3,R) as the structure group. The manifold M was identified with the solution
space of an ODE representing the point equivalent class. Furthermore the space
M was naturally equipped with a projective structure [∇], whose invariants were in
one-to-one correspondence with the point invariants of the ODE. This one-to-one
correspondence was realized in terms of the sl(3,R) connection A. This, although
initially defined as a canonical sl(3,R) connection on H → P → N , in the special
case of w1w2 ≡ 0 became the sl(3,R)-valued Cartan normal projective connection
of the structure (M, [∇]) on the Cartan bundle H → P → M . In such a case
the corresponding Fefferman class [gF ] on P/ ∼ became selfdual or antiselfdual
depending on which of the invariants w1 or w2 vanished.
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What we have overlooked in the discussions in [9, 10], was that in the case of
w2 ≡ 0, w1 6= 0 we could have defined two, a priori different Fefferman classes [gF ]
and [g′F ]. As we see below the construction of these classes totally relies on the
fact that we had a canonical projective structure [∇] on M . Actually we have the
following theorem.
Theorem 1.8. Every n-dimensional manifold M with a projective structure [∇]
uniquely defines a number n of conformal metrics [ga], each of split signature
(n, n), and each defined on its own natural 2n-dimensional subbundle Pa = P/(∼a)
of the Cartan projective bundle H → P →M .
Proof. Given (M, [∇]) we will construct the pair (Pa, [ga]) for each a = 1, . . . , n.
We use the notation of Section 1.5.
Let (Xa, Xbc, Xd) be a frame of vector fields on P dual to the coframe (θˆa, Γˆbc, ωˆd).
This means that
(24) Xa−| θˆb = δba, X
a
b−| Γˆ
c
d = δ
a
dδ
c
b, X
a−| ωˆb = δab,
at each point, with all other contractions being zero.
We now define a number of n bilinear forms gˆa on P defined by
gˆa = (Γˆab − 2n+1 Γˆccδab)⊗ θˆb + θˆb ⊗ (Γˆab − 2n+1 Γˆccδab),
or
gˆa = 2(Γˆab − 2n+1 Γˆccδab)θˆb,
for short. In this second formula we have used the classical notation, such as for
example in g = gabθaθb, which abreviates the symmetrized tensor product of two
1-forms λ and µ on P to λ⊗ µ+ µ⊗ λ = 2λµ.
We note that the formula for gˆa, when written in terms of the Cartan connection
A, reads2:
gˆa = 2AaµAµn+1,
where the index µ is summed over µ = 1, . . . , n, n+ 1. Indeed:
2AaµAµn+1 = 2(Γˆab − 1n+1 Γˆccδab)θˆb + 2θˆa(− 1n+1 Γˆcc) = 2(Γˆab − 2n+1 Γˆccδab)θˆb = gˆa.
The bilinear forms gˆa are degenerate on P . For each fixed value of the index a,
a = 1, . . . , n, they have n2 degenerate directions spanned by (Xb, ZcD), where
b, c = 1, . . . , n and D = 1, . . . , n without D = a. The n(n− 1) vector fields ZcD are
defined to be
ZcD = X
c
D − 2n−1XddδcD.
Obviously (Xb, ZcD) annihilate all θ
bs. Also obviously all Xbs annihilate all (Γˆab−
1
n+1 Γˆ
c
cδ
a
b)s. To see that all Z
c
Ds annihilate all (Γˆ
a
b − 1n+1 Γˆccδab)s we extend the
definition of ZcDs to
Zcf = X
c
f − 2n−1Xddδcf ,
where now f = 1, . . . , n. For these we get:
Zcd−| (Γˆ
a
b − 2n+1 Γˆhhδab) = δcbδad.
Thus, if d 6= a we see that each Zcd anihilates Γˆab − 2n+1 Γˆhhδab. Hence n(n − 1)
directions ZaD are degenarate directions for gˆ
a.
Another observation is that the n2 degenerate directions (Xb, ZcD) form an
integrable distribution. This is simplest to see by considering their annihilator.
2Compare with the defining formula for G in [10]
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At each point this is spanned by the 2n one-forms (θˆb, Γˆ(a)b − 2n+1 Γˆhhδ(a)b ), where
the index (a) in brackets says that it is a fixed a which is not present in the
range of indices D. Now using (23) it is straightforward to see that the forms
(θˆb, τˆ
(a)
b ) = (θˆ
b, Γˆ
(a)
b − 2n+1 Γˆhhδ(a)b ) satisfy the Frobenius condition
dθˆa ∧ θˆ1 ∧ . . . ∧ θˆn = 0,
dτˆ
(a)
b ∧ τˆ (a)1 ∧ . . . ∧ τˆ (a)n ∧ θˆ1 ∧ . . . ∧ θˆn = 0.
Thus the n2-dimensional distribution spanned by (Xb, ZcD) is integrable.
Now, using (23) we calculate the Lie derivatives of gˆa with respect to the direc-
tions (Xb, ZcD). It is easy to see that:
LXb gˆa = 0
and
LZcd gˆa = −δadgˆc + 2n−1δcdgˆa.
The last equation means also that
LZcD gˆa = 2n−1δcDgˆa.
Thus, the bilinear form gˆa transforms conformally when Lie transported along the
integrable distribution spanned by (Xb, ZcD).
Now, for each fixed a = 1, . . . , n, we introduce an equivalence relation ∼a on
P , which identifies points on the same integral leaf of Span(Xb, ZcD). On the 2n-
dimensional leaf space Pa = P/(∼a) the n2 degenerate directions for gˆa are squeezed
to points. Since the remainder of gˆa is given up to a conformal rescalling on each
leaf, the bilinear form gˆa descends to a unique conformal class [ga] of metrics, which
on Pa have split signature (n, n). Thus, for each a = 1, . . . , n we have constructed
the 2n-dimensional split signature conformal structure (Pa, [ga]). It follows from
the construction that Pa may b identified with any 2n-dimensional submanifold P˜a
of P , which is transversal to the leaves of Span(Xb, ZcD). The conformal class [g
a]
is represented on each P˜ a by the restriction ga = gˆa|P˜a . This finishes the proof of
the theorem. 
One can calculate the Cartan normal conformal connection for the conformal
structures (Pa, ga). This is a lengthy, but straightforward calculation. The result
is given in the following theorem.
Theorem 1.9. In the null frame (τˆ (a)b , θˆ
c) the Cartan normal conformal connection
for the metric gˆa is given by:
G =

− 1n+1 Γˆdd 0 −ωˆc 0
τˆ
(a)
b −Γˆeb + 1n+1 Γˆddδeb θˆdRˆ(a)dcb −ωˆb
θˆf 0 Γˆfc − 1n+1 Γˆddδfc 0
0 θˆe τˆ
(a)
c
1
n+1 Γˆ
d
d

.
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Its curvature R = dG+G ∧G is given by:
R =

0 0 −Yˆc 0
0 −Wˆ eb Sˆcb −Yˆb
0 0 Wˆ fc 0
0 0 0 0

,
where
Sˆcb = −θˆd(DˆRˆ(a)dcb − τˆ (a)s Wˆ sdcb) =
− θˆd(DˆWˆ (a)dcb − τˆ (a)s Wˆ sdcb) + δ(a)b Yˆc − δ(a)c Yˆb.
2. When a projective class includes a Levi-Civita connection?
2.1. Projective structures of the Levi-Civita connection. Let us now assume
that an n-dimensional manifold M is equipped with a (pseudo)Riemannian metric
gˆ. We denote its Levi-Civita connection by ∇ˆ. Levi-Civita connection ∇ˆ defines
its projevtive class [∇] with connections ∇ such that (1) holds. Now, with the
Levi-Civita representative ∇ˆ of [∇] we can define its curvature Ωˆab, as in (4), and
decompose it onto the projective Weyl and Schouten tensors Wˆ abcd, Pˆab, as in (5):
(25) Ωˆab = Wˆ
a
b + θ
a ∧ ωˆb + δabθc ∧ ωˆc.
However, since now M has an additional metric structure gˆ = gˆabθaθb, with the
inverse gˆab such that gˆabgˆbc = δca, another decomposition of the curvature is possible.
This is the decomposition onto the metric Weyl and Schouten tensors
LC
W abcd,
LC
P ab,
given by:
(26) Ωˆab =
LC
W
a
b + gˆ
acgˆbd
LC
ω c ∧ θd + θa ∧ LCω b.
The tensor counterparts of the formulae (25)-(26) are respectively:
(27)
Rˆabcd = Wˆ
a
bcd + δ
a
cPˆdb − δadPˆcb − 2δabPˆ[cd]
Rˆabcd =
LC
W
a
bcd + δ
a
c
LC
P db − δad
LC
P cb + gˆbdgˆae
LC
P ec − gˆbcgˆae
LC
P ed.
To find relations between the projective and the metric Weyl and Schouten tensors
one compares the r.h. sides of (27). For example, because of the equality on the
left hand sides of (27), the projective and the Levi-Civita Ricci tensors are equal:
Rˆbd = Rˆ
a
bad =
LC
R bd.
Thus, via (7), we get
(28) Pˆab = 1n−1
LC
Rab.
Further relations between the projective and Levi-Civita objects can be obtained
by recalling that:
LC
Rab = (n− 2)
LC
P ab + gˆab
LC
P ,
where
LC
P = gˆab
LC
P ab,
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and that the Levi-Civita Ricci scalar is given by:
LC
R = gˆ
ab
LC
Rab.
After some algebra we get the following proposition.
Proposition 2.1. The projective Schouten tensor Pˆab for the Levi-Civita connec-
tion ∇ˆ is related to the metric Schouten tensor
LC
P ab via:
Pˆab =
LC
P ab − 1
(n− 1)(n− 2)Gab,
where Gab is the Einstein tensor for the Levi-Civita connection:
Gab =
LC
Rab − 12 gˆab
LC
R.
The projective Weyl tensor Wˆ abcd for the Levi-Civita connection ∇ˆ is related to the
metric Weyl tensor
LC
W abcd via:
(29)
Wˆ abcd =
LC
W
a
bcd +
1
n− 2(gˆbdgˆ
ae
LC
R ec − gˆbcgˆae
LC
R ed) +
1
(n− 1)(n− 2)(δ
a
c
LC
R db − δad
LC
R cb) +
LC
R
(n− 1)(n− 2)(δ
a
dgˆbc − δacgˆbd).
In particular we have the following corollary:
Corollary 2.2. The projective Schouten tensor Pˆab of the Levi-Civita connection
∇ˆ is symmetric
Pˆab = Pˆba.
Moreover, the projective Weyl tensor W abcd of any connection ∇ from the projective
class [∇] of a Levi-Civita connection satisfies
(30) gˆaegˆbcW ebcd = gˆdegˆ
bcW ebca.
Proof. The first part of the Corollary is an immediate consequence of the fact that
the metric Schouten tensor of the Levi-Civita connection as well as the Einstein
tensor are symmetric. The second part follows from the relation (29), which yields:
(n− 1)gˆaegˆbcWˆ ebcd = −n
LC
Rad +
LC
Rgˆad.
Since
LC
Rab is symmetric we get gˆaegˆbcWˆ ebcd = gˆdegˆ
bcWˆ ebca. But according to the
fourth transformation law in (22) the Weyl tensor is invariant under the projective
transformations, Wˆ abcd = W
a
bcd. Thus (30) holds, for all connections ∇ from the
projective class of ∇ˆ. This ends the proof. 
The above corollary is obviously related to the question in the title of this Section.
It gives the first, very simple, obstruction for a projective structure [∇] to include a
Levi-Civita connection of some metric. We reformulate it to the following theorem.
Theorem 2.3. A necessary condition for a projective structure (M, [∇]) to include
a connection ∇ˆ, which is the Levi-Civita connection of some metric gˆab, is an
existence of a symmetric nondegenerate bilinear form gab on M , such that the Weyl
tensor W abcd of the projective structure satisfies
(31) gaegbcW ebcd = gdeg
bcW ebca,
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with gab being the inverse of gab, gacgcb = δba. If the Levi-Civita connection ∇ˆ from
the projective class [∇] exists, then its corresponding metric gˆab must be conformal
to the inverse gab of some solution gab of equation (31), i.e. gˆab = e2φgab, for a
solution gab of (31) and some function φ on M .
As an example we consider a projective structure [∇] on a 3-dimensional manifold
M parametrized by three real coordinates (x, y, z). We choose a holonomic coframe
(θ1, θ2, θ3) = (dx, dy,dz), and generete a projective structure from the connection
1-forms
(32) Γab =
 0 adz adybdz 0 bdx
cdy cdx 0
 , with a = a(z), b = b(z), c = c(z),
via (2).
It is easy to calculate the projective Weyl formsW ab, and the projective Schouten
forms ωb, for this connection. They read:
W ab =
− 12c′dx ∧ dy 0 −a′dy ∧ dz0 12c′dx ∧ dy −b′dx ∧ dz− 12c′dy ∧ dz − 12c′dx ∧ dz 0
 ,
and
ωa =
(−bcdx+ 12c′dy, −acdy + 12c′dx, −abdz) .
With this information in mind it is easy to check that
(33) gab =
−fa′ g12 0g12 −fb′ 0
0 0 g33
 ,
with some undetermined functions f = f(x, y, z), g12 = g12(x, y, z), g33 = g33(x, y, z),
satisfies (31). Thus the connection Γab may, in principle, be the Levi-Civita connec-
tion of some metric gˆab. Accordig to Theorem 2.3 we may expect that the inverse
of this gab is proportional to gˆab.
2.2. Comparing natural projective and (pseudo)Riemannian tensors. Propo-
sition 2.1 in an obvious way implies the following corollary:
Corollary 2.4. The Levi-Civita connection ∇ˆ of a metric gˆab has its projective
Schouten tensor equal to the Levi-Civita one, Pˆab =
LC
P ab, if and only if its Einstein
(hence the Ricci) tensor vanishes. If this happens Pˆab ≡ 0, and both the projective
and the Levi-Civita Weyl tensors are equal, Wˆ abcd =
LC
W abcd.
Now we answer the question if there are Ricci non-flat metrics having equal
projective an Levi-Civita Weyl tensors. We use (29). The requirement that Wˆ abcd =
LC
W abcd yields the following proposition.
Proposition 2.5. The Levi-Civita connection ∇ˆ of a metric gˆab has its projective
Weyl tensor equal to the Levi-Civita one, Wˆ abcd =
LC
W abcd, if and only if its Levi-
Civita Ricci tensor satisfies
(34) M efabcd
LC
R ef = 0,
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where
M efabcd = gˆacδ
e
dδ
f
b−gˆadδecδfb+gˆadgˆcbgˆef−gˆacgˆdbgˆef+(n−1)(gˆbdδeaδfc−gˆbcδeaδfd).
One easilly checks that the Einstein metrics, i.e. the metrics for which
LC
Rab = Λgˆab,
satisfy (34). Therefore we have the following corollary:
Corollary 2.6. The projective and the Levi-Civita Weyl tensors of Einstein met-
rics are equal. In particular, all conformally flat Einstein metrics (metrics of con-
stant curvature) are projectively equivalent.
It is interesting to know if there are non-Einstein metrics satisfying condition
(34).
2.3. Formulation a’la Roger Liouville. If ∇ is in the projective class of the
Levi-Civita connection ∇ˆ of a metric gˆ we have:
0 = Dˆgˆab = Dgˆab − 2Agˆab −Aaθcgˆcb −Abθcgˆac,
for some 1-form A = Aaθa. Thus the condition that a torsionless connection ∇ is
projectively equivalent to the Levi-Civita connection of some metric, is equivalent
to the existence of a pair (gˆab, Aa) such that
Dgˆab = 2Agˆab + θ
c(Aagˆcb +Abgˆac),
with an invertible symmetric tensor gˆab. Dually this last means that a torsionless
connection ∇ is projectively equivalent to a Levi-Civita connection of some metric,
iff there exists a pair (gˆab, Aa) such that
(35) Dgˆab = −2Agˆab −Ac(θbgˆca + θagˆcb),
with an invertible gˆab.
The unknown A can be easilly eliminated from these equations by contracting
with the inverse gˆab:
A = − gˆabDgˆ
ab
2(n+ 1)
,
so that the ‘if an only if’ condition for ∇ to be in a projective class of a Levi-Civita
connection ∇ˆ is the existence of gˆab such that
2(n+ 1)Dgˆab = 2(gˆcdDgˆ
cd)gˆab + (gˆef∇cgˆef )(θbgˆca + θagˆcb), gˆacgˆcb = δbc.
This is an unpleasent to analyse, nonlinear system of PDEs, for the unknown gˆab.
It follows that it is more convenient to discuss the equivalent system (35) for the
unknowns (gˆab, Aa), which we will do in the following.
The aim of this subsection is to prove the following theorem:
Theorem 2.7. A torsionless connection ∇˜ on an n-dimensional manifold M is
projectively equivalent to a Levi-Civita connection ∇ˆ of a metric gˆab if and only if
its projective class [∇˜] contains a special projective subclass [∇] whose connections
∇ satisfy the following: for every ∇ ∈ [∇] there exists a nondegenerate symmetric
tensor gab and a vector field µa on M such that
∇cgab = µaδbc + µbδac,
or what is the same:
(36) Dgab = µaθb + µbθa.
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Proof. If ∇ˆ is the Levi-Civita connection of a metric gˆ = gˆabθaθb, we consider
connections ∇ associated with ∇ˆ via (1), in which A = dφ, with arbitrary func-
tions (potentials) on M . This is a special class of connections, since the projective
Schouten tensor Pˆab for ∇ˆ is symmetric (see Corollary 2.2), and the transformation
(22) with gradient As, preserves the symmetry of the projective Schouten tensor
(see Remark 1.2).
Any connection∇ from this special class satisfies (35) with A = dφ, and therefore
is characterized by the potential φ, ∇ = ∇(φ).
We now take the inverse gˆab of the metric gˆab, gˆacgˆcb = δbc, and rescale it to
gab = e2f gˆab,
where f is a function on M . Using (35) with A = dφ, after a short algebra, we get:
Dgab = −2(dφ− df)gab − (∇cφ)(θbgca + θagcb).
Thus taking
f = φ+ const,
for each ∇ = ∇(φ) from the special class [∇], we associate gab = e2f gˆab satisfying
Dgab = −(∇cφ)(θbgca + θagcb).
Defining µa = −Acgca = −e2f (∇cφ)gˆca we get (36). Obviously gab is symmetric
and nondegenerate since gˆab was.
The proof in the opposite direction is as follows:
We start with (∇, gab, µa) satisfying (36). In particular, connection ∇ is spe-
cial, i.e. it has symmetric projective Schouten tensor and, by Corollary (1.5), its
curvature satisfies
Ωaa = 0.
Since gab is invertible, we have a symmetric gab such that gacgcb = δba. We
define
(37) A = −gabµbθa.
Contracting with (36) we get:
gabDg
ab = −2A, or A = − 12gabDgab.
Now this last equation implies that:
dA = − 12Dgab ∧Dgab − 12gabD2gab.
This compared with the Ricci identity D2gab = Ωacgcb + Ωbcgac, the defining equa-
tion (35), and its dual
Dgab = −gacgbd(µcθd + µdθc),
yields
dA = −Ωaa = 0.
Thus the 1-form A defined by (37) is locally a gradient of a function φ0 on M ,
A = dφ0. The potential φ0 is defined by (∇, gab, µa) up to φ0 → φ = φ0 + const,
A = dφ.
We use it to rescale the inverse gab of gab. We define
gˆab = e
2φgab.
This is a nondegenerate symmetric tensor on M .
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Using our definitions we finally get
Dgˆab =
2dφgˆab − e2φgacgbd(µcθd + µdθc) =
2Agˆab +Aagˆbcθ
c +Abgˆacθ
c.
This means that the new torsionless connection ∇ˆ defined by (1), with A as above,
satisfies
Dˆgˆab = Dgˆab − 2Agˆab −Aagˆbcθc −Abgˆacθc = 0,
and thus is the Levi-Civita connection for a metric gˆ = gˆabθaθb. Since A = dφ
this shows that in the special projective class defined by ∇ there is a Levi-Civita
connection ∇ˆ. This finishes the proof. 
We also have the following corollary, which can be traced back to Roger Liouville
[7], (see also [1, 5, 8, 12]):
Corollary 2.8. A projective structure [∇ˆ] on n-dimensional manifold M contains
a Levi-Civita connection of some metric if and only if at least one special connection
∇ in [∇ˆ] admits a solution to the equation
(38) ∇cgab − 1
n+ 1
δac∇dgbd −
1
n+ 1
δbc∇dgad = 0.
with a symmetric and nondegenerate tensor gab.
Proof. We use Theorem 2.7.
If (∇, gab, µa) satisfies (36) it is a simple calculation to show that (38) holds.
The other way around: if (38) holds for a special connection ∇ and an invertible
gab, then defining µa by µa = 1n+1∇dgad we get∇cgab = µaδbc+µbδac, i.e. the equa-
tion (36), after contracting with θc. Now, if we take any other special connection ∇ˆ,
then it is related to ∇ via ∇ˆX(Y ) = ∇X(Y ) +X(φ)Y +Y (φ)X. Rescalling the gab
to gˆab = e−2φgab one checks that ∇ˆcgˆab− 1n+1δac∇ˆdgˆbd− 1n+1δbc∇ˆdgad = 0. Thus in
any special connection ∇ˆ we find an invertible gˆab = e−2φgab with µˆa = 1n+1∇ˆdgˆad
satisfying ∇ˆcgˆab = µˆaδbc + µˆbδac. 
Remark 2.9. It is worthwhile to note that µa and µb as in the above proof are realte
by
µˆa = e−2φ(µa + gda∇dφ).
2.4. Prolongation and obstructions. In this section, given a projective struc-
ture [∇], we restrict it to a corresponding special projective subclass. All the
calculations below, are performed assuming that ∇a is in this special projective
subclass.
We will find consequences of the neccessary and sufficient conditions (36) for this
special class to include a Levi-Civita connection.
Applying D on both sides of (36), and using the Ricci identity (11) we get as a
consequence:
(39) Ωbag
ac + Ωcag
ba = Dµc ∧ θb + Dµb ∧ θc.
This expands to the following tensorial equation:
(40) δbd∇aµc − δba∇dµc + δcd∇aµb − δca∇dµb = Rbeadgec +Rceadgbe.
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Now contracting this equation in {ac} we get:
(41) ∇aµb = δbaρ− Pacgbc −
1
n
W bcdag
cd
with some function ρ on M . This is the prolonged equation (36). It can be also
written as:
(42) Dµb = ρθb − ωcgbc − 1
n
W bcdag
cdθa.
Applying D on both sides of this equation, after some manipulations, one gets the
equation for the function ρ:
(43) ∇aρ = −2Pabµb + 2
n
Yabcg
bc.
This is the last prolonged equation implied by (36). It can be also written as:
(44) Dρ = −2ωbµb + 2
n
Yabcg
bcθa.
Thus we have the following thoerem [5]:
Theorem 2.10. The equation (38) admits a solution for gab if and only if the
following system
(45)
Dgbc = µcθb + µbθc
Dµb = ρθb − ωcgbc − 1
n
W bcdag
cdθa
Dρ = −2ωbµb + 2
n
Yabcg
bcθa,
has a solution for (gab, µc, ρ).
Simple obstructions for having solutions to (45) are obtained by inserting Dµb
from (42) into the integrability conditions (39), or what is the same, into (40). This
insertion, after some algebra, yields the following proposition.
Proposition 2.11. Equation (42) is compatible with the integrability conditions
(39)-(40) only if gab satisfies the following algebraic equation:
(46) T cb[ed] afg
af = 0,
where
(47) T cb[ed] af =
1
2δ
c
(aW
b
f)ed +
1
2δ
b
(aW
c
f)ed +
1
nW
c
(af)[eδ
b
d] +
1
nW
b
(af)[eδ
c
d].
Remark 2.12. Note that although the integrability condition (46) was derived in
the special gauge when the connection ∇ was special, it is gauge inedependent.
This is because the condition involves the projectively invariant Weyl tensor, and
because it is homogeneous in gab.
For each pair of distinct indices [ed] the tensor T cb[ed] af provides a map
(48) S2M 3 κab T[ed]−→ κ′ab = T ab[ed] cdκcd ∈ S2M,
which is an endomorphism T[ed] of the space S2M of symmetric 2-tensors on M .
It is therefore clear that equation (46) has a nonzero solution for gab only if each
of these endomorphisms is singular. Therefore we have the following theorem (see
also the last Section in [1]):
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Theorem 2.13. A neccessary condition for a projective structure [∇] to include
a Levi-Civita connection of some metric g is that all the endomorphisms T[ed] :
S2M → S2M , built from its Weyl tensor, as in (47), have nonvanishing determi-
nants. In dimension n ≥ 3 this gives in general n(n−1)2 obstructions to metrisability.
Remark 2.14. Puzzle: Note that here we have I = n(n−1)2 obstructions, wheras
the naive count, as adapted from [1], yields I ′ = 14 (n
4 − 7n2 − 6n + 4). For n = 3
we see that we constructed I = 3 invariants, wheres I ′ says that there is only one.
Why?
Remark 2.15. Note that the Remark 2.12 enabled us to use any connection from
the projective class, not only the special ones, in this theorem.
Further integrability conditions for (36) may be obtained by applying D on both
sides of (42) and (44). Applying it on (42), using again the Ricci identity (11), after
some algebra, we get the following proposition.
Proposition 2.16. The integrability condition D2µb = Ωbaµa, for (gab, µc, ρ) sat-
sifying (45), is equivalent to:
(49) S b[ae] cdg
cd =
( n+ 4
2
W bcae +W
b
[ae]c
)
µc,
where the tensor S b[ae] cd is given by:
S b[ae] cd =
n− 2
2
Yea(cδ
b
d) +∇(cW bd)ea +W b(cd)[e;a].
Here, in the last term, for simplicity of the notation, we have used the semicolon
to denote the covariant derivative, ∇ef = f;e.
Remark 2.17. Note that in dimension n = 2, where W abcd ≡ 0, the inetrgrability
conditions (46) and (49) are automatically satisfied.
The last integrability condition D2ρ = 0 yields:
Proposition 2.18. The integrability condition D2ρ = 0, for (gab, µc, ρ), satsifying
(45) is equivalent to:
(50) U[ab]cdgcd = −n+ 3
2
Ybacµ
c,
where the tensor U[ab](cd) reads:
U[ab]cd = ∇[aYb](cd) +W e(cd)[aPb]e.
Remark 2.19. For the sufficciency of conditions (46), (49) and (50) see Remark 4.1.
3. Metrisability of a projective structure check list
Here, based on Theorems 2.3, 2.7, 2.10, 2.13 and Propositions 2.11, 2.16 and
2.18, we outline a procedure how to check if a given projective structure contains
a Levi-Civita connection of some metric. The procedure is valid for the dimension
n ≥ 3.
Given a projective structure (M, [∇]) on an n-dimensional manifold M :
(1) calculate its Weyl tensor W abcd and the corresponding operators T[ed] as in
(48). If at least one of the determinants τed = det(T[ed]), e < d = 1, 2, . . . , n,
is not zero the projective structure (M, [∇]) does not include any Levi-
Civita connection.
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(2) If all the determinats τed vanish, find a special connection ∇0 in [∇], and
restrict to a special projective subclass [∇0] ⊂ [∇].
(3) Now taking any connection ∇ from [∇0] calculate the Weyl, (symmetric)
Schouten, and Cotton tensors, and the tensors T cb[ed] af , S
b
[ae] cd, U[ab]cd of
Propositions 2.11, 2.16 and 2.18.
(4) Solve the linear algebraic equations (46), (49) and (50) for the unknown
symmetric tensor gab and vector field µa.
(5) If these equations have no solutions, or the n × n symmetric matrix gab
has vanishing determinant, then (M, [∇]) does not include any Levi-Civita
connection.
(6) If equations (46), (49) and (50) admit solutions with nondegenerate gab,
find the inverse gab of the general solution for gab, and check if equation
(30) is satisfied. If this equation can not be satisfied by restricting the free
functions in the general solution gab of equations (46), (49) and (50), then
(M, [∇]) does not include any Levi-Civita connection.
(7) In the opposite case restrict the general solution gab of (46), (49) and (50)
to gabs satsifying (30), and insert (gab, µa), with such gab and the most
general µa solving (46), (49) and (50), in the equations (45).
(8) Find the general solution to the equations (45) for (gab, µa, ρ), with (gab, µa)
from the ansatz described in point (7).
(9) If the solution for such (gab, µa, ρ) does not exist, or the symmetric tensor
gab is degenerate, then (M, [∇]) does not include any Levi-Civita connec-
tion.
(10) Otherwise find the inverse gab of gab from the solution (gab, µa, ρ), and solve
for a function φ on M such that dφ = −gabµaθb.
(11) The metric gˆ = e2φgabθaθb has the Levi-Civita connection ∇ˆ which is in
the special projective class [∇0] ⊂ [∇].
4. Three dimensional examples
Example 1. Here, as the first example, we consider a 3-dimensional projective
structure (M, [∇]) with the projective class represented by the connection 1-forms:
(51) Γab =
 12adx− 14bdy − 14bdx 0− 14ady − 14adx+ 12bdy 0
cdy − 14adz cdx− 14bdz − 14adx− 14bdy

The 3-manifold M is parametrized by (x, y, z), and a = a(z), b = b(z), c = c(z) are
sufficiently smooth real functions of z. In addition we assume that
a 6= 0, b 6= 0, c 6= const.
It can be checked that this connection is special. More specifically we have:
W ab =
− 12c′dxy − 38a′dxz + 14b′dyz 38b′dxz 18b′dxy3
8a
′dyz 12c
′dxy + 14a
′dxz − 38b′dyz − 18a′dxy−acdxy − 12c′dyz bcdxy − 12c′dxz 18a′dxz + 18b′dyz
 ,
where (dx ∧ dy,dx ∧ dz,dy ∧ dz) = (dxy,dxz,dyz), and
ωa =
(− 316a2dx+ 116 (8c′ + ab)dy − 18a′dz, 116 (8c′ + ab)dx− 316b2dy − 18b′dz, − 18a′dx− 18b′dy) .
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Having these relations we easily calculate the obstructions τ[ed]. These are:
τ13 = − 9
8192
(a′)6, τ23 = − 9
8192
(b′)6,
and
τ12 = − 3128c2(c′)2(ba′ − ab′)2.
This shows that (M, [∇]) may be metrisable only if
a = const, b = const.
For such a and b all the obstructions τ[ed] vanish. Assuming this we pass to the
point (4) of our procedure from Section 3.
It follows that with our assumptions, the general solution of equation (46) is:
(52) g11 = g22 = 0, g13 =
bc
c′
g12, g23 =
ac
c′
g12.
Inserting this in (49), shows that its general solution is given by the above relations
for gab and
(53) µ1 = 112
(
1− 4cc
′′
(c′)2
)
bg12, µ2 = 112
(
1− 4cc
′′
(c′)2
)
ag12.
The general solution (52), (53) of (46), (49) is compatible with the last integrability
condition (50) if and only if the function c = c(z) defining our projective structure
(M, [∇]) satisfies a third order ODE:
(54) c(3)c′c+
(
(c′)2 − 2cc′′
)
c′′ = 0.
If this condition for c = c(z) is satisfied then (52), (53) is the general solution of
(46), (49) and (50). Moreover, it follows that the solution (52), (53) also satisfies
(30), and the tensor gab is nondegenerate for this solution provided that g12 6= 0.
This means that i) the projective structure (M, [∇]) with a 6= 0, b 6= 0, c 6= const
may include a Levi-Civita connection only if (54) holds, and ii) if it holds, that the
integrability conditions (46), (49) and (50) are all satisfied with the general solution
(52), (53), with g12 6= 0.
We now pass to the point (8) of the procedure from Section 3: assuming that
(54) holds, we want to solve (45) for (gab, µa) satisfying (52) and (53).
It follows that the {11} component of the first of equations (45) gives a further
restriction on the function c. Namely, if (gab, µa) are as in (52) and (53), then
Dg11 = 2µ1θ1 iff c′′c− (c′)2 = 0, i.e. iff
c = c1e
c2z, where c1, c2 are constants s.t. c1c2 6= 0.
Luckilly this c satisfies (54). Looking at the next component, {12}, of the first
equation (45), we additionally get dg12 = − 12 (adx + bdy)g12. And now, this is
compatible with the {13} component of the first equation (45), if and only if b = 0
or g12 = 0. We have to exclude g12 = 0, since in such case gab is degenerate. On
the other hand b = 0 contradicts our assumptions about the function b. Thus,
according to the procedure from Section 3, we conclude that (M, [∇]) with the
connection represented by (51) with ab 6= 0 and c 6= const never includes a Levi-
Civita connection.
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Remark 4.1. Note that this example shows that even if all the integrability condi-
tions (46), (49), (50) and (30) are satisfied the equations (45) may have no solutions
with nondegenrate gab. Thus conditions (46), (49), (50) and (30) are not sufficient
for the existence of a Levi-Civita connection in the projective class.
Example 2. As a next example we consider the same 3-dimensional manifold
M as above, and equip it with a projective structure [∇] corresponding to Γab as
in (51), but now assuming that the functions a = a(z) and b = b(z) satisfy
a ≡ 0 and b ≡ 0.
For the further convenience we change the variable c = c(z) to the new function
h = h(z) 6= 0 such that c(z) = h′(z).
When running through the procdure of Section 3, which enables us to say if such
a structure includes a Levi-Civita connection, everything goes in the same way as
in the previous example, up to equations (53). Thus applying our procedure of
Section 3 we get that the general solution to (46) and (49) is given by
g11 = g22 = g13 = g23 = µ1 = µ2 = 0.
It follows that this general solution to (46) and (49), automatically satisfies (50)
and (30).
Now, with g11 = g22 = g13 = g23 = µ1 = µ2 = 0, the first of equations (45)
gives:
g12 = const, dg33 = 2h′g12dz, µ3 = h′g12,
and the second, in addition, gives:
ρ = 23h
′′g12.
This makes the last of equations (45) automatically satisfied.
The only differential equation to be solved is dg33 = 2h′g12dz, which after a
simple integration yields:
g33 = 2g12h.
Thus we have
gab = g12
0 1 01 0 0
0 0 2h
 ,
with the inverse
gab =
1
g12
0 1 01 0 0
0 0 12h
 , g12 = const 6= 0, h = h(z) 6= 0.
Now, realizing point (10) of the procedure of Section 3, we define
(55) A = −gabµaθb = − h
′
2h
dz = − 12d log(h).
This means that the potential φ = − 12 log(h), and that the metric gˆab whose Levi-
Civita connection is in the projective class of
(56) Γab =
 0 0 00 0 0
h′dy h′dx 0
 ,
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is given by
gˆab = − 1
g12
0 1h 01
h 0 0
0 0 12h2
 , g12 = const 6= 0, h = h(z) 6= 0,
or what is the same by:
gˆ = − 1
g12h2
(
2hdxdy + dz2), g12 = const 6= 0, h = h(z) 6= 0.
It is easy to check that in the coframe (θ1, θ2, θ3) = (dx, dy,dz), the Levi-Civita
connection 1-forms for the metric gˆ as above is given by
Γˆab =
− h
′
2hdz 0 − h
′
2hdx
0 − h′2hdz − h
′
2hdy
h′dy h′dx − h′2hdz
 ,
which satisfies (2) with Γab given by (56) and A given by (55).
Remark 4.2. Thus we have shown that the projective structure [∇] generated by
the connection 1-forms (56) is metrisable, and that modulo rescalling, gˆ → constgˆ,
there is a unique metric, whose Levi-Civita connection is in the projective structure
[∇]. Note that the metric gˆ has Lorentzian signature.
Example 3. Now we continue with the example of a projective structure defined
in Section 2.1 by formula (32). Calculating the projective Cotton tensor for this
structure we find that it is projectively flat if and only if
c′′ = 0 & 2cb′ + 3bc′ = 0 & 2ca′ + 3ac′ = 0.
This happens when a′ = b′ = c′ = 0, but also e.g. when c = z, b = s1z−
3
2 and
a = s2z
− 32 , with s1, s2 being constants. If the structure is not projectively flat the
most general nondegenerate solution to equation (46) is
(57) gab =
− g
33
c′ a
′ g12 0
g12 − g33c′ b′ 0
0 0 g33
 .
It follows that if c′ = 0, projectively non flat structures which are metrisable do
not exist. In formula (57) we recognize (33) with f = g
33
c′ . Looking for projectively
non flat structures, we now pass to the equation (49). With gab as in (57) this, in
particular, yields
µ1 = µ2 = 0 & ba′ − ab′ = 0.
Thus only the structures satisfying this last equation can be metrisable. In the
following we assume that both a and b are not constant. Then
b = s1a,
with sa a constant. This solution satisfies all the other equations (49) if and only if
µ3 =
2g12(2cc′a′ + ac′2) + g33(a′c′′ − c′a′′)
6a′c′
.
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Now, with all these choices equations (50) are also satisfied. Thus we may pass to
the differential equations (36) for the remaining undetermined gab. It follows that
these equations can be satsified if and only if
c = s2a
with s2 = const. Now, the remaining equations (36) are satisfied provided that the
unknown functions g12 and g33 satisfy:
(58) g12z = 2
s1
s2
a g33 & g33z = 2s2 a g
12
and are independent of the variables x and y. If g12 and g33 solve (58) then all the
other equations (45) are satisfied if and only if
ρ = s1 a
2 g33 + 23 s2 a
′ g12.
The system (58) can be solved explicitly (the solution is not particularly inter-
esting), showing that also in this case our procedure defined in Section 3 leads
effectively to the solution of metrisability problem.
Example 4 Our last example goes beyond 3-dimensions. It deals with the so
called (anti)deSitter spaces.
Let Xa be a constant vector, and ηab be a nondegenerate symmetric n × n
constant matrix. We focus on an example when
ηab = diag(1, . . . , 1,−1, . . . ,−1),
with p ‘+1’s, and q ‘–1’s.
In
U = { (xa) ∈ Rn | ηcdXcxd) 6= 0 }
we consider metrics gˆ of the form
(59) gˆ =
ηabdx
adxb
(ηcdXcxd)2
.
We analyse these metrics in an orthonormal coframe
(60) θa =
dxa
ηbcXbxc
,
in which
gˆ = ηabθ
aθb.
In the following we will use a convenient notation such that:
ηfgX
fXg = η(X,X).
We call the vector X timelike iff η(X,X) > 0, spacelike iff η(X,X) < 0, and null
iff η(X,X) = 0.
It is an easy exercise to find that in the coframe (60) the Levi-Civita connection
1-forms Γˆab associated with metrics (59) are:
Γˆab = ηbd (X
aθd −Xdθa).
Thus the Levi-Civita connection curvature, Ωˆab = dΓˆ
a
b + Γˆ
a
c ∧ Γˆcb, is given by
Ωˆab = −η(X,X) θa ∧ θd ηbd.
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This, in particular, means that the Levi-Civita curvature tensor, Rˆabcd, the Levi-
Civita Weyl tensor,
LC
W abcd, and the Ricci tensor
LC
Rab, look, respeectively, as:
Rˆabcd = η(X,X) (ηbcδ
a
d − ηbdδac),
LC
W
a
bcd = 0,
and
LC
R bd = (1− n) η(X,X) ηbd.
This proves the following proposition:
Proposition 4.3. The metrics
gˆ =
ηabdx
adxb
(ηcdXcxd)2
are the metrics of constant curvature. Their curvature is totally determined by their
constant Ricci scalar
LC
R = n(1 − n)η(X,X). It is positive, vanishing or negative
depending on the causal properties of the vector X. Hence if X is spacelike (U , gˆ)
is locally the deSitter space, if X is timelike (U , gˆ) is locally the anti-deSitter space,
and if X is null (U , gˆ) is flat.
Using this Proposition and Corollary 2.6 we see that metrics (59) are all projec-
tively equivalent. This fact may have some relevance in cosmology. We discuss this
point in more detail in a separate paper [11].
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